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Regge limit in QCD.

High-energy scattering and Wilson lines.

Evolution equation for color dipoles.

Leading order: BK equation.

Conformal composite dipoles and NLO BK kernel in N = 4.
NLO amplitude in A/ = 4 SYM

Photon impact factor.

NLO BK kernel in QCD.

kr-factorization and NLO BFKL.

Conclusions

m Outlook: color dipoles, gluon light-ray operators and gluon TMDs
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Strong interactions at asymptotic energies: Froissart bound

Regge limit: £ >> everything else

. E—
Cagsal'lty —~ Ow SOO In2E Froissart, 1962
Unitarity

Long-standing problem - not explained in any quantum field theory (or
string theory) in 50 years!

Experiment: oy, ~ s*% (s = 4E2 ). Numerically close to In’ E.
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Leading Log Approximation = BFKL pomeron

s = (PA +p3)2 ~ 4E?

Leading Log Approximation (LLA):

o ﬁ
o «
o o
= o '
PA Ao al s a; <1, aglns ~ 1
o
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q o
of of
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In pQCD: Leading Log Approximation = BFKL pomeron

s = (pa + pp)? ~ 4E?

Leading Log Approximation (LLA):

E
o
3 ~

p 12_2_2/2_9_o3) oy K I, O Ins ~ 1

The sum of gluon ladder diagrams gives

=
7 Oror ~ §1257 n2 BFKL pomeron
o g
B 0_2.2.2_9_93)
% 3 Numerically: for DIS at HERA
o

o~ 03705 — (203305

- qualitatively OK

I. Balitsky (JLAB & ODU) Photon impact factor and k- zation in the ne .



In pQCD: Leading Log Approximation = BFKL pomeron

s = (pa + pp)? ~ 4E?

Leading Log Approximation (LLA):

E
o
3 ~

p 12_2_2/2_9_o3) oy K I, O Ins ~ 1

The sum of gluon ladder diagrams gives

=
7 Oror ~ §1257 n2 BFKL pomeron
o g
B 0_2.2.2_9_93)
% 3 Numerically: for DIS at HERA
o

o~ 03705 — (203305

- qualitatively OK

I. Balitsky (JLAB & ODU) Photon impact factor and k- zation in the ne



Towards the high-energy QCD

(¢}
total

BFKL
Froissart bound

122 1n2

Otot ™~ § ™ violates
Froissart bound oy < In’s
= pre-asymptotic behav-

10r.
i___ Applicability of
-7 BFKL pomeron

Born Terrrj

True asymptoticsas £ — co = ?
Possible approaches:
m Sum all logs o' In" s
m Reduce high-energy QCD to 2 + 1 effective theory
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m Sum all logs o' In" s
m Reduce high-energy QCD to 2 + 1 effective theory

|
This talk: NLO corrections o' 1n" s
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

classical trajectory: T =Vt

S = /(/)c/: — Edt)
= —Ft +/;/:/\/2171('E — V()
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

classical trajectory: T =Vt

S = /(/)c/: — Edt)
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High energy: E > V(x) =

W(F,1) = KA (VO
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

classical trajectory: T =Vt

S = /(/)c/: — Edt)
= —Ft +/;/:/\/2m(£ - V()

High energy: E > V(x) =

W(F,1) = KA (VO

U at high energy = free wave x phase factor ordered along the line || v.
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ ¢7’

J. . . . _" '
classical trajectory: T =Vt §— /(/)d: — Edr)
B Y - :7[;'7+/;/:/\/m
High energy: E > V(x) =
2 U(F 1) = e 7 ER) i ndd V)

U at high energy = free wave x phase factor ordered along the line || v.
The scattering amplitude is proportional to ¥(z = co) defined by
Ury) = e mfZouddVE+es)

Glauber formula: oy = 2 [d?x; [1 — RU(x)]
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High-energy phase factor in QED and QCD

2

X Se = /(/T {f mc*y 1 — L: —ed + ff[{}
classical trajectory: T =Vt A ¢ c
= Sfree + /5/1‘(—()(1) + 5?’ . X)
. ____ o— . c
a = phase factor for the high-energy
- scattering is
A (f,t) 9
Ulx,,v) = ot S (— e+ £TA)
z _ e’% L dr i AP (x(t))
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High-energy phase factor in QED and QCD

X, Se = /([T{*H’l(,‘z 1 fv—;f()f[>+ff-g}
classical trajectory: T =Vt A (" ¢
= Stee + /dr(—e(b + Ef/‘:)
B IR PR -— . c
d = phase factor for the high-energy
A (£) scattering is
U(xi,v) = ot S (— e+ £TA)
z = )i iR (x(1)
INnQCD e — —g, A, — Ay = AG° t“ - color matrices
ig [
= Ulxy,v) = Pexp{h/ dr x, A" (x(1))} Wilson — line operator
c — 00

(Laterh=c=1)
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

-
Q
g>\m\/\/\m 9
Q
D
T 0§
0 g 0ToTTT
0"TTTT 0 q
0 a ieicle]
5 oooowa - 0 g
0 : R ooy
g'mro-c\o o 0
3 g g oooT
[ OoTT Y o
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

-
Q
g>\m\/\/\m 9
Q
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0 g 0ToTTT
0"TTTT 0 q
0 a ieicle]
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40) = [ S iUk U k) B

Formally, » means the operator expansion in Wilson lines
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Light-cone expansion and DGLAP evolution in the NLO

N —a — — | —

12 - factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)
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Light-cone expansion and DGLAP evolution in the NLO

—  — el L . . 4

- factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)

OPE in light-ray operators (x—y)2 =0

TR0 = gty [+ S0 + O]t nle 00) +0(5)

[~’(-,\'} = Pe'8 /“du (x—=y)PA L (ux+(1—u)y) _ gauge link
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Light-cone expansion and DGLAP evolution in the NLO

— — — _—— - e

12 - factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)

Renorm-group equation for light-ray operators =~ DGLAP evolution of
parton densities (x—y)>=0

R TT0) = KoB (Ol lo0) + kot )k 1o)
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Four steps of an OPE

m Factorize an amplitude into a product of coefficient functions and
matrix elements of relevant operators.

m Find the evolution equations of the operators with respect to
factorization scale.

m Solve these evolution equations.

m Convolute the solution with the initial conditions for the evolution
and get the amplitude
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

N
q
g>vv\/\m g
o
q g
0 9 0 g
0 9 0 0
5 3 SIS
0 TTTT Y 0 Q
9 b TTTTY
p oI - 0 g
0 9 %‘m
%‘W 3 g
g g g ooooY
{UD'O‘O‘G 0 q
o qd \—
9 @ "

Als) = [ G ) BITE{U ) U (k)]

U(x,) = Pexp {ig/ duntA,(un+x,) Wilson line
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

N
q
g>vv\/\m g
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q g
0 9 0 g
0 9 0 0
5 3 SIS
0 TTTT Y 0 Q
9 b TTTTY
p oI - 0 g
0 9 %‘m
%‘W 3 g
g g g ooooY
{UD'O‘O‘G 0 q
o qd \—
9 @ "

Als) = [ G ) BITE{U ) U (k)]

o0

U(x,) = Pexp {ig/

duntA,(un+x,) Wilson line

Formally, = means the operator expansion in Wilson lines
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Rapidity factorization

7 - rapidity factorization scale
Rapidity Y > n - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n
Ul = Pexp {ig/ dx A" (x+,xL)]

—00

4 .
All(x) = / (;Z:)“e(e"— lo])e A, (k)
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High-energy expansion in color dipoles

The high-energy operator expansion is

T{]}J« .]V } /d2Z1d2Z2 IL Z17Z27-x7y)Tr{Ug] ngn}
+ NLO contribution
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High-energy expansion in color dipoles

+...
n - rapidity factorization scale
Evolution equation for color dipoles
itr{U’?UT”} = / dzz&[tr{U"UT”}tr{U"UT"}
dn 7Y 272 (x—2)%(y —2)? ) Y

— N{UTUI"}] + aKnpotr{UTUS} + O(a?)

(Linear part of Knpo = KNLo BFKL)
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Evolution equation for color dipoles

() = 1= {00 (1)}

BK equation

N, d*z (x —y)?
272 ) (x—2)*(y — 2)?

) = {i(e,2) +0(z.y) ~ e, y) ~ Ux, e, ) )

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d -~ asN, d*z (x —y)? 5 3 " . .
i) = 55 | o Tt o) + ) () - U @ ) |

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, c4m ~ 1)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d - _aNe [ dPz(x—y)* (- - 5 5 .
) = 53 | G D) + () — Uley) — Ul () |
I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: oy < 1, 5m ~ 1)

LLA for DISin sQCD = BKegn  (LLA: a5 < 1, a5 ~ 1, a,A'/3 ~ 1)
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Why NLO correction?

m To check that high-energy OPE works at the NLO level.

m To check conformal invariance of the NLO BK equation(in N'=4
SYM)

m To determine the argument of the coupling constant of the BK
equation(in QCD).

m To get the region of application of the leading order evolution
equation.
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Expansion of the amplitude in color dipoles in the NLO

The high-energy operator expansion is

T{O(x)O(y)} = / d*z1dz 1"° (21, 22) Te{ U U1}
1 o o .
+ / d*71d*2d% 23 1IN (21,22, 23) [ﬁTr{T” unruinTon Uity — Te{ U7 U1}
c
i CCP, 2007

In the leading order - conf. invariant impact factor
x—z)i O-z)1

_2 _9
X, 7y + -

Pl Zl’ — .

ation in the ne

ILo =
L Y~ ~D
m2 2222
Photon impact factor and kz-f:
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NLO impact factor (in /' = 4 SYM

INLO (

mZz "¢

X, Yi21,22,2351) = —
Y 3 K25 43, ]) 772212Z23 4 2

The NLO impact factor is not Mébius invariant = the color dipole with the
cutoff n is not invariant

However, if we define a composite operator (a - analog of p =2 for usual OPE)

A~ A~ 1» A A~
(Te{U2 U1} = Te{U7 U1}

A 2 ARG o az}
+53 Az z%;zz%a [Te{T" 07 UI'T" U2 U} — N Te{U? UI"}] In 2 23 + 0(\?)

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles in A/ = 4 SYM

Conformal composite dipole

(T {7 Ugg}]”“f — T {0 Uy

A )
+ 2 Py S [T O U T UL Oy — NTH 07 037 In Z“ + 0\
2 113223 13123

High-energy OPE:
TOWON)} = [Eadn 1,2y 01
1 JNIDN A P
+ / dod’zd?z NP (21,22, 23) [ETr{T” Ur ol Uiy — Te{ U7 U1}
10 and /N0 are Mébius invariant.

We think that one can construct the composite conformal dipole operator order
by order in perturbation theory.

Analogy: when the UV cutoff does not respect the symmetry of a local
operator, the composite local renormalized operator in must be
corrected by finite counterterms order by order in perturbaton theory.
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NLO BK equation in ' = 4 SYM

Define
Zu)nl( 1‘33)
R ,21}.27 .
= U(z1,2) + I SR e 700 U U, Uy — NTH{ 07 U8
\|3(ﬁj

such that 44 (z,z2) = 0.

dn~"conf

=-The evolution can be rewritten in terms of a

d P f
2a— [Tr{U2 U1}
a - [ t{ }]

L 1— } U7 U0, U} — N Te{ 07 U113
= s 2 1= ] e b= N0 01
2.2 2.2
a 2 0 Z12234 212234 21324
T 4t d"z3d 24 {1 [1+22722}1n22}
Z13Z24234 214253 13%4 T 2142237 21433

x Te{ [T, TO) U T T U + 10107 [T, 7| UI"}[(U7)* (U7 )" — (24 — 23)]
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NLO Amplitude in A’'=4 SYM theory

(x = y)* (& = )(T{O) O (»)O()OT(y)})
= / d*z11d’ 1 d*2) A2y TR (x,y;21,22)[DD] ™ (21, 225 24, 25)IF (¥, 5 21, 25)

Result : (G.A. Chirilliand I.B.)
N? 4rta? agN, 272 2 8
F(v) = ¢ s {1+ ‘”[— +—77]+ az}
@) NZ? — 1 cosh® mv m cosh>’zmvy 2 1+42 (o)
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NLO high-energy OPE in QCD

e R

& [R— — — —

DIS structure function F»(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Photon impact factor in the LO

= SR - d’zd* P
(=T W0 500} = [FE 0 (o 0l
- 12

Rz 82
Tl G (n ) ey L )

K- (Q) — %Hz(ﬁl &)l

Ib,?(zn,zz) =

1 pr 1 pi

v = = xXpytax)— = ¥ty
! V@\‘*(‘ s CpatxL) vﬁ\'*( s P2 yL)
D1 . &2(C - &)
= (P42 1), R = w162
S (s 4+ i) N 2(k - C1) (K- ()
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Photon Impact Factor at NLO I.B.and G. A. C.

Composite “conformal” dipole [tr{{., U1, }],, - same as in A" = 4 case.

(x = )TV D)D) ()}

d*z1d%z v Qg P
_ / 2 {1t ) [1 + 2 {04 O, Vg
12

a7 ECHOICHS) w | g
+./d213[47r2 Z212 <1n 2(k - 63)*(C1- C2) _2C>IILO+ " }

2
13223
x {0, U1 Jr{ U UL } = Nete{ U, U, My |

i17z3

2 52 K- ()2
(D)) = 5 R {(h Q) 9 [7( 1)

1678 (k- C1)(k-G) | (k- (G) OxHOy” (¢1-G)
+<ff'C1)(H - (2) n (k- C)(E-G)C-G)  KHG -Cz)}

(G- ¢3) (G- GG G) (G- G)
(k- Cg)z 9? (k- C)(K-G) i'{,z(Cl - (3) ) )
e Bwea | @ﬁ)%@@“wﬁ@}

I. Balitsky (JLAB & ODU) Photon impact factor and k7 -factorization in the n¢ i



Photon Impact Factor at NLO I.B.and G. A. C.
With two-gluon (NLO BFKL) accuracy

1 4oy 7 0 = v, Ik Ok "dzidzy LO Qg NLO

E(X*y) T{W )Y P )v )P} = gy ay/ Y Z/{uo(ZhZZ)[Ing(l‘F;) +Z05°]
280G ) - g - ¢

Iu,f(x_\_:: ) = r28 162 .\,1 2 2 5]

o (%321, 22) N (k- C) (k- &)

N A el raeGr 272 2lnR IR
Iylo (e ysz122) = R 202 oL 2 ALy (1 - R) — —— —
NLo(¥: 3521, 22) 477 { (5-C)(k- Q) [ i2( ) s PR TR
1 11 1 2C
— 4R+ — — 242(n=+ = —2)(In= +2C) —4C - =
nR+ 55 +(nR+R )(HR+ ) ]
nR 2C InR 1
(%JFQHQ){H 2 1

R
5

- _ = [ ,,"",’7”””’
(K- C1) R R * 1-R ZR} K2 <f\ T K2 )
CoRf 4 ¢Pre ., IR IR 3.5 2¢
[ CHA *CIHQH R~ g TR 2R+2+2C+R]
af 2
g (Ci-G) 2w .

818 ST (1 —

a3 R

1 2 3
1nR+2c)+61nRR+2+2R2]}
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Photon Impact Factor at NLO

Reminder
1 py I
T \/Ex+(Tl —XPph + ) - \/Ey+(T —yph )

]7 ]7
G = (Tl +ab+d), ¢ = ( Ltph+d)

DIS photon impact factor is a linear combination of the following tensor basis

KMEY
Hwo__pv py
" =g ;" =

12

7 KECY + K”(f KHCY + K”(g
3 = +
K+l K- (
w KLY KR LG+ Y
= 5 = ——

(k-C1)? (k-Q)? GG

Cornalba, Costa, Penedones (2010)

ation in the ne
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Mellin representation of the LO impact factor

dz1d’s 2\ 1
[ ) (522) = S0 - P+ DrG - 1)

12 10220
{ "Y(l _ "Y)D'l]lu D'lztll B D:‘L;V
R21+9)2-7) 21+7)2-v 8(1+7)(2-7)
3 Y(1 = 7)Ds4 _D’I‘"JrD‘ZW} ( K? )7
60296 -2)(1+9C -7 8 Jw\k-Gp

where

(D) + Do) = —2A2x+y+/<a*20)‘f(‘3§n2
DY = —A%xtyT ol (In k?)0Y In k?
DY = 4yA%xTyT[(9%1n /@2)81{ In(x - Go) + (0) In /12)5‘; In(k - o) — (0% In /{,2)8)’,’ In %]
DY = dy(1 +29)A%TyT [- %8)/(18{’ In k% — 0 (In /@2)8{’ In K2
+(0# InK7)0Y In(k - Co) + (0 In k%) In(k - Co) — 207 In(k - (o)} In(k - Go)]
B(a,b) = Lal®) ¢~ —(1) is the Euler constant, and z//(a_) _=_% InT'(a)

I'(atb
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Mellin representation of the photon impact factor

dzzleZQ Zz R N, F('V + l)r(z B '7)
I/u/ 21,2 +HV 21,2 ( 12 ) _ c
/Zéltz [LO( 1 2) NLO( 1 2)] %01%0 476 A4 A2x+y+
yyD aN, m? 2 11
(LN UM LA i R =
3 dr L3 sin"wy o2 Y
N, 172 2 3 1 X

20 {14+ 2 [T - S —Cxy — =+ 3% + o]}
e L 4r L3 sin’wy X vy ” 2N - 2vy
—&{I—F%NC[FZ m?

X

Xy X~y
A 5 s vt 5 )
AyDy { ach[w:_ 72 _c +1_i 3 _ﬁ}}
43 +4y7) 4r L3 sin’my T2 T2 T 2y
_DitD,

ch 2 2 1
{1+ ST - —c
7

4vy + 3 N 1+2’y*‘y) ’Y}}]W(( K2 )WI‘Z(’?)

- — %
2972 +7y) 2+ 2k - (o)?
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Mellin representation of the impact factor for polarized DIS

Contribution of spin 2 in t-channel:

d“z1d*z b y W/ 212 \7tls Zip
/7"4 Iy, 22) + Iolan ) (=) (
. 12 210220

axN,

w ’ \ / 6 P
x {w - {4 (l+7)+4L'(271)78«'(3)7ﬁ+6+4(,\(2.5)
6C - 6 X

e e Goar) (@ ) @)

‘xyyy (k- Qo) x4+ (K- Qo)

X(2,7) =2¢(1) =2 =7) —¢(1+7) X =x— 20,

Y*\* 20
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N ernel

In general

—Te{U, U]} = aeKi o Te{U U} + o2KnioTr{ U Ul } 4+ 0(ad)




NLO kernel

In general

1 P PN PN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
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NLO kernel

In general

1 P PN PPN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
2KnioTr{ 0,0} } = d—nTr{UxU; } = aKLoTr{U U} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(@2KnLoTr{ U, U1 }) = %(Tr{f]xf];}) — (Ko Tr{ U, U] }) + 0(a?)
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NLO kernel

In general

d

ST {001} = K oTr{ U U1} + 2Ky o Tr{ U U} + 0(c)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(0 KnLoTr{U U }) = d (Tr{U Ul = (asKLoTr{U,U}) + 0(a3)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)
= H prescription in the integrals over Feynman parameter v
+

V

Typical integral

! 1 1 1 (k—p)
dv S {7} — In——5——
Jo (k — p) v Ap (1 —=v)lvly izt Pl
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Gluon part of the NLO BK kernel: diagrams

1

. ; .
) " i B (i . (1X)

(x) (Xt L (it B (X1v) o xv)




(xvi (xvin)

(XXt (XXl

‘ (xXxvi) ‘ (xXxvi “ (xvin (XXIX) (XXX)




Diagrams for 1—3 dipoles transition

%q%‘." 9§, - - \
(XXXI) . (XXXIl) « (XXXl “ (XXXIV)
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"Running coupling” diagrams

“ vy
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1 — 2 dipole transition diagrams
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NLO evolution of composite “conformal” dipoles in QCD
[. B. and G. Chirilli

d o
ae UL UL = 2% [z (U, UL (U, UL} = Mo, UL e

2 2 2 2 2
N, — 67
X ;122 [1 + Al (blnz%zuz =+ bziw2 2123 In % + — - l)]
213323 4 213323 o 9 3
a5 [dz o 223°255 + 254213 — 4Ty 1 3%
472 Z4 7<77j272 _ 2,2 ) 2
34 22237353 — 44273 4%
x [tr{U,, Ui}tr{ U::Ul}{UuU;} — tr{U,, U:T; Uang U;KUL} — (z4 = 13)]

2.2 2.2
212434 ) In 213424 }

2 2 2 2
212834 {2 In 12834 4 (1 +
2,2

223 Z23

21324 2237233
x [ir{U,, UL, hr{ U UL Yer{UL UL} = {0, UL UL UL UL UL ) = (20— 22)]
_ 1 2

_l’_
2 .2 2
213124 - Z232Z23

KnrLo Bk = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (N = 4) part

Linearized KnLo sk reproduces the known result for the forward NLO
BFKL kernel.

1. Balitsky (JLAB & ODU)

Photon impact factor and k7 -factorization in the n¢



kr-factorization in the NLO

With two-gluon (one-dipole) accuracy

/d4xe /d“z (=) (sl T{ju(x + 2)ju(2) Hps) = /dzkﬂw(q,kL)((Ps\U(kL)\Ps»

slU(®)lps + fps) = 275(5) (psltd (k) ps)
ol ®lpa) = [z 8 ut(@ps), U = 1= 3 THUL))
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kr-factorization in the NLO

With two-gluon (one-dipole) accuracy

/d4xe /d“z (=) (sl T{ju(x + 2)ju(2) Hps) = /dzkﬂw(q,kL)((Ps\U(kL)\Ps»

slU(®)lps + fps) = 275(5) (psltd (k) ps)
ol ®lpa) = [z 8 ut(@ps), U = 1= 3 THUL))

Ne [dv sinh v K2 \z-iv
" (g, k) = ~¢ 77( )
(@:k1) 32/ v (1 4 v2) cosh? rv \ Q2

9 2 Qg asN, 2 11 2 Qs asN, n2
o) e e ()02 )]
X{[(4+’/)( +7r+ 27 Fiw) )P+ 4+3y +7T+ 27 F2(v) )P,

") v
P;]u/ = g — ‘/;:‘2/1/ Péu/ _ Lz (q“ - Pf_?lll )(qu Plrflz )
q q q-p2 q-p2

Fiov) = @10(v) + x,¥(v),

U(v) = $(3) + 202 —7) = 29(4 - 27) — P2+ 1), L

I. Balitsky (JLAB & ODU) Photon im




kr-factorization in the NLO

3x 25 11 7 10
Di(v) = F(Y)+ 71—+ 1+ + === +
1) = FOM+ 4y 182-7) " 27 2y 18(1+7)  3(1+7)7

3x 1 7 X Xy(1+37)
Oy(v) = F +7i 14+ — - — 7 7 —
2(v) @ 2+ 7y 2y 22+3yy) 1+ 2+3yy

27 27 X~y —
F = = = 2Cy,+ 2~
(7) 3 sin27r7 X~ —
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Evolution equation for color dipole in momentum representation

V) =)
Va(k) = [dz e7i*z

Va(z) (sometimes called “unintegrated gluon TMD”)

d _osN, [ & N K
2a7 V) = 55 m{(zwk)—kﬁva(k))

ash K 67 w*, 10ns
T [(W(k) K2 “(k))( k2 (g3 9Nl.)
(k—k')? (k—K')? 4K k=) (k—K)?
. z(va(k') I Va(k)kﬁln P ) V)= ]}
a2N?

&K 7¥12k—2+Fkk’+‘I>kk’ Vk’+3ﬂ (3)Va(k)
T VI (k, k) + @k, k) | Va(K) +355-C(3) Vu(

N (kK2 — 202K 2 2 K-k K2
F(k,K) = (1+N3)716k2k,2 (Gt e )

2\2 4 4 27112 )
" (k% 4 K%) 3k* + 3K — 2k%K o / dt 141
-3+ (1+L)(1- kK ———In——

[ +< +1\/?)( sk? 16k4% k, )>] o Ktek? I
q)(k k,) B (k _ k/Z) { ﬁ k2k/2(k7 k/)4

B R (R R SR (S

) k/2 ] K2 ( k/2 2k12
+2L12<—ﬁ) —2L12(—k,2)] - (1- (T / /] (e k, -
Agrees with NLO BFKL
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Argument of coupling constant

d -~
de/{(Zl,Zz)

as(?1 )N, 2 A N N N N
2 / = Ll Z1,Z3)+U(Z3,Zz)—U(ZhZz)—U(Zl,Z3)U(23,Z2)}
2 Z13 %
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Argument of coupling constant

d -~
IU(Zl,Zz)

Oés

N A N N
/ le U(z1,23) + U(z3,22) — U(z1,22) —U(11,Z3)U(23722)}
13 23

Renormalon-based approach: summation of quark bubbles
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Argument of coupling constant

d (z ) - P
d—nTr{U ULy = =22 / d*z [Tr{U., UI }Tr{U., U } — N.Tr{U., U} }]
y [ Zi +1<as(ﬁ3) _1>+1(as(zz 3) _1>}

2 .2 2 2

3%y 23 Nas(ay) 253 \ai(2d3)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

ag(2) 7,

LI |212| < |Zl3|, |Z23|
(2

Sl 23] < |z1a), 223l
(2

C;;%gj |223| < |z12], |z13]

= the argument of the coupling constant is given by the size of the
smallest dipole.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The NLO BK kernel in for the evolution of conformal composite
dipoles in N' = 4 SYM is Mdbius invariant in the transverse plane.

m The NLO BK kernel agrees with NLO BFKL equation.

m The correlation function of four Z? operators is calculated at the
NLO order.

m NLO photon impact factor is calculated.
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Outlook: relation to conformal light-ray operators

Gluon parton density D(x, ?) is proportional to matrix element of the
light-ray operator

O(xp, 1) = / d\ €™ Tr{Gi(AeT)[AeT,0]G:(0)[0, \e T}

Conformal light-ray operator O; (j - conformal spin in SL(2, R) group)

ol = / d\ N Te{Gi(NeT)[Ae T, 0]G:(0)[0, AeT]}*

Anomalous dimension
M@OJ = 7(as)0;
Atj = n ~, is an anomalous dimension of the local twist-2 operator

G+l’([)+)n*2Gr
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Outlook: relation to conformal light-ray operators

Gluon parton density D(x, ?) is proportional to matrix element of the
light-ray operator

O(xp, 1) = / d\ €™ Tr{Gi(AeT)[AeT,0]G:(0)[0, \e T}

Conformal light-ray operator O; (j - conformal spin in SL(2, R) group)

ol = / d\ N Te{Gi(NeT)[Ae T, 0]G:(0)[0, AeT]}*

Anomalous dimension
M@OJ = 7(a)0;
Atj = n ~, is an anomalous dimension of the local twist-2 operator
G‘H’([)%»)H*l(;r

Expansion of conformal dipoles in conformal light-ray operators - ?
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Outlook: relation to conformal light-ray operators

In the leading order relation this expansion is trivial: x% is the normalization
point of gluon light-ray operator and xz = ¢~ ":

. - O gj T 1)
TH{OUD U} = DY 4 0(d) = / (22 o
xp=e o 2w x/Bl
—HOO dw 2
— wn (12 2\ =Yw (M
[ serwen ) o

Z—ZOO

This should be compared to LO rapidity evolution of color dipole
wy—1 4, = w(v) - pomeron intercept)

%Jrioo d

A7 (= no)( 2 12~ V/dzz ()" Uz )™
2mi

Tr{OU0' Uy} = = /

7 —I100
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Outlook: relation to conformal light-ray operators

In the leading order relation this expansion is trivial: x3 is the normalization
point of gluon light-ray operator and xz = ¢~ ":

: — 3Hico dji T(G—1)
Tr{o,U,0'Up}" = D“B Ln +0( 1) = / (x ) ””O”
xp=e o 2w xlB 1
—HOO dw 2
= Wi (12 2\~ Yw (M
[ serwen ) o

Z—IOO

This should be compared to LO rapidity evolution of color dipole
wy—1 4, = w(v) - pomeron intercept)

Tr{0;U.0'Up}" = = [ z;e‘”(” ) (X2 pi%)” V/dzz () U(z )™
5 —ioco
=
ol oy
w=wlya) & v =vwa) ~ — = f—&-f-ﬁ-
w w

BFKL gives the anomalous dimensions in all orders as w — 0 which
corresponds to the the non-physical point j = n = 1 for ~, of local operators

I. Balitsky (JLAB & ODU) Photon impact factor and kp-f: ation in the ne



Outlook: relation to conformal light-ray operators

In the NLO the expansion of conformal dipoles in conformal light-ray
operators is not straightforward due to mismatch of UV and rapidity
regularizations.

1

(o, ) ZW(%vﬂLEw) = 7 = 7@, )

w(ay, ) is the pomeron intercept which enters stands in the formula for the

amplitude in terms of conformal ratios.
w(ay,y) determines anomalous dimensions of conformal light-ray operators.

The difficulty is probably due to the fact that conformal dipoles are invariant
under SL(2, C) and light-ray operators under SL(2, R)
Gluon TMDs may serve as a bridge between these two approaches
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Outlook: rapidity evolution of gluon TMD’s. A/ = 4 for simplicity.

Gluon TMD (without subtractions) :  D(xg,n, k. , uz) ~ / &k, e*rer

x [ dudy 09 (.1 G+ up) s ][00, Gt ~0l)”
Two evolutions: n and > = double logs.
At xz = 0 we get (U; = U]id,U)
D(xg,n,k1) = V'(k) = / Py T {Ui(z1)Ui(01)})"
= /dzkl e””'“/dudv([fx. ul.G (2 + upy)u, —oc].[—o0, u]oG4i(vpr) [u, —o0])"
No 1 dependence (dipole amplitudes are UV finite) = rapidity evolution only.

Evolution of gluon TMD probably depends on the interplay between xg and n
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