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Outline

Regge limit in QCD.
High-energy scattering and Wilson lines.
Evolution equation for color dipoles.
Leading order: BK equation.
Conformal composite dipoles and NLO BK kernel in N = 4.
NLO amplitude in N = 4 SYM
Photon impact factor.
NLO BK kernel in QCD.
kT -factorization and NLO BFKL.
Conclusions
Outlook: color dipoles, gluon light-ray operators and gluon TMDs
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Strong interactions at asymptotic energies: Froissart bound

Regge limit: E � everything else

Causality
Unitarity

}
⇒ σtot

E→∞
≤ ln2 E Froissart, 1962

Long-standing problem - not explained in any quantum field theory (or
string theory) in 50 years!

Experiment: σtot ∼ s0.08 (s ≡ 4E2
c.m.). Numerically close to ln2 E.
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In pQCD: Leading Log Approximation⇒ BFKL pomeron

p

A
p

B

s = (pA + pB)2 ' 4E2

Leading Log Approximation (LLA):

αs � 1, αs ln s ∼ 1

The sum of gluon ladder diagrams gives

σtot ∼ s12αs
π

ln 2 BFKL pomeron

Numerically: for DIS at HERA

σ ∼ s0.3÷0.5 = x−0.3÷0.5
B

- qualitatively OK
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Towards the high-energy QCD

σ

s

total
BFKL

Born Term

ln  s2

True answer

Applicability of
BFKL  pomeron

Froissart bound

σtot ∼ s12αs
π

ln 2 violates
Froissart bound σtot ≤ ln2s
⇒ pre-asymptotic behav-
ior.

True asymptotics as E →∞ = ?
Possible approaches:

Sum all logs αm
s lnn s

Reduce high-energy QCD to 2 + 1 effective theory

This talk: NLO corrections αn+1
s lnn s
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High-energy scattering and “Wilson lines” in quantum mechanics

x

z

V(r,t)

classical trajectory:  r = vt

WKB approximation: Ψ ∼ e
i
~ S

S =

∫
(pdz− Edt)

= −Et +

∫ z

dz′
√

2m(E − V(z′)

High energy: E � V(x)⇒

Ψ(~r, t) = e−
i
~ (Et−kx) e−

i
v~
∫ z
−∞dz′V(z′)

Ψ at high energy = free wave × phase factor ordered along the line ‖ ~v.

The scattering amplitude is proportional to Ψ(t =∞) defined by

U(x⊥) = e−
i

v~
∫∞
−∞dz′V(z′+x⊥)

Glauber formula: σtot = 2
∫

d2x⊥ [1−<U(x⊥)]
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High-energy phase factor in QED and QCD

µ

x

��
��
��
��

��
��
��
��

q

A (r,t)

��������

z

classical trajectory:  r = vt
Se =

∫
dt
{
− mc2

√
1− v2

c2 − eΦ +
e
c
~v · ~A

}
= Sfree +

∫
dt(−eΦ +

e
c
~v · ~A)

⇒ phase factor for the high-energy
scattering is

U(x⊥, v) = e−
ie
~c

∫∞
−∞dt(−eΦ+ e

c~v·~A)

= e−
ie
~c

∫∞
−∞dt ẋµAµ(x(t))

In QCD e→ −g, Aµ → Aµ ≡ Aa
µta ta - color matrices

⇒ U(x⊥, v) = P exp{ ig
~c

∫ ∞
−∞

dt ẋµAµ(x(t))} Wilson− line operator

(Later ~ = c = 1)
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DIS at high energy

At high energies, particles move along straight lines⇒
the amplitude of γ∗A→ γ∗A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

A(s) =

∫
d2k⊥
4π2 IA(k⊥)〈B|Tr{U(k⊥)U†(−k⊥)}|B〉

Formally, means the operator expansion in Wilson lines
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Light-cone expansion and DGLAP evolution in the NLO

k   <
2

µ
2

µk   > 
2 2

+...+

µ2 - factorization scale (normalization point)

k2
⊥ > µ2 - coefficient functions

k2
⊥ < µ2 - matrix elements of light-ray operators (normalized at µ2)

OPE in light-ray operators (x− y)2 → 0

T{jµ(x)jν(y)} =
xξ

2π2x4

[
1 +

αs

π
(ln x2µ2 + C)

]
ψ̄(x)γµγ

ξγν [x, y]ψ(y) + O(
1
x2 )

[x, y] ≡ Peig
∫ 1

0 du (x−y)µAµ(ux+(1−u)y) - gauge link
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Light-cone expansion and DGLAP evolution in the NLO

k   <
2

µ
2

µk   > 
2 2

+...+

µ2 - factorization scale (normalization point)

k2
⊥ > µ2 - coefficient functions

k2
⊥ < µ2 - matrix elements of light-ray operators (normalized at µ2)

Renorm-group equation for light-ray operators⇒ DGLAP evolution of
parton densities (x− y)2 = 0

µ2 d
dµ2 ψ̄(x)[x, y]ψ(y) = KLOψ̄(x)[x, y]ψ(y) + αsKNLOψ̄(x)[x, y]ψ(y)
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Four steps of an OPE

Factorize an amplitude into a product of coefficient functions and
matrix elements of relevant operators.
Find the evolution equations of the operators with respect to
factorization scale.
Solve these evolution equations.
Convolute the solution with the initial conditions for the evolution
and get the amplitude
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DIS at high energy: relevant operators

At high energies, particles move along straight lines⇒
the amplitude of γ∗A→ γ∗A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

A(s) =

∫
d2k⊥
4π2 IA(k⊥)〈B|Tr{U(k⊥)U†(−k⊥)}|B〉

U(x⊥) = Pexp
[
ig
∫ ∞
−∞

du nµAµ(un + x⊥)
]

Wilson line

Formally, means the operator expansion in Wilson lines
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Rapidity factorization

η>Y

η<Y

+ +...

η - rapidity factorization scale

Rapidity Y > η - coefficient function (“impact factor”)
Rapidity Y < η - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by η

Uη
x = Pexp

[
ig
∫ ∞
−∞

dx+Aη+(x+, x⊥)
]

Aηµ(x) =

∫
d4k

(2π)4 θ(eη − |αk|)e−ik·xAµ(k)
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High-energy expansion in color dipoles

η>Y

η<Y

+ +...

The high-energy operator expansion is

T {̂jµ(x)̂jν(y)} =

∫
d2z1d2z2 ILO

µν (z1, z2, x, y)Tr{Ûη
z1

Û†ηz2
}

+ NLO contribution
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High-energy expansion in color dipoles

η>Y

η<Y

+ +...

η - rapidity factorization scale

Evolution equation for color dipoles

d
dη

tr{Uη
x U†ηy } =

αs

2π2

∫
d2z

(x− y)2

(x− z)2(y− z)2 [tr{Uη
x U†ηy }tr{Uη

x U†ηy }

− Nctr{Uη
x U†ηy }] + αsKNLOtr{Uη

x U†ηy }+ O(α2
s )

(Linear part of KNLO = KNLO BFKL)
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Evolution equation for color dipoles

Û(x, y) ≡ 1− 1
Nc

Tr{Û(x⊥)Û†(y⊥)}

BK equation

d
dη
Û(x, y) =

αsNc

2π2

∫
d2z (x− y)2

(x− z)2(y− z)2

{
Û(x, z) + Û(z, y)− Û(x, y)− Û(x, z)Û(z, y)

}

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

Û(x, y) ≡ 1− 1
Nc

Tr{Û(x⊥)Û†(y⊥)}

BK equation

d
dη
Û(x, y) =

αsNc

2π2

∫
d2z (x− y)2

(x− z)2(y− z)2

{
Û(x, z) + Û(z, y)− Û(x, y)− Û(x, z)Û(z, y)

}

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD⇒ BFKL (LLA: αs � 1, αsη ∼ 1)
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Non-linear evolution equation
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}

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD⇒ BFKL (LLA: αs � 1, αsη ∼ 1)

LLA for DIS in sQCD⇒ BK eqn (LLA: αs � 1, αsη ∼ 1, αsA1/3 ∼ 1)

(s for semiclassical)
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Why NLO correction?

To check that high-energy OPE works at the NLO level.
To check conformal invariance of the NLO BK equation(in N=4
SYM)
To determine the argument of the coupling constant of the BK
equation(in QCD).
To get the region of application of the leading order evolution
equation.
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Expansion of the amplitude in color dipoles in the NLO

η>Y

η<Y

+ +...

The high-energy operator expansion is O ≡ Tr{Z2}

T{Ô(x)Ô(y)} =

∫
d2z1d2z2 ILO(z1, z2)Tr{Ûη

z1
Û†ηz2
}

+

∫
d2z1d2z2d2z3 INLO(z1, z2, z3)[

1
Nc

Tr{TnÛη
z1

Û†ηz3
TnÛη

z3
Û†ηz2
} − Tr{Ûη

z1
Û†ηz2
}]

In the leading order - conf. invariant impact factor

ILO =
x−2
+ y−2

+

π2Z2
1Z2

2
, Zi ≡

(x− zi)
2
⊥

x+
− (y− zi)

2
⊥

y+
CCP, 2007
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NLO impact factor (in N = 4 SYM

z2

zz’
z1

y xz3

z2

zz’
z1

y xz3

(a) (b)

INLO(x, y; z1, z2, z3; η) = − ILO × λ

π2
z2

13

z2
12z2

23

[
ln
σs
4
Z3 −

iπ
2

+ C
]

The NLO impact factor is not Möbius invariant⇒ the color dipole with the
cutoff η is not invariant
However, if we define a composite operator (a - analog of µ−2 for usual OPE)

[Tr{Ûη
z1

Û†ηz2
}
]conf

= Tr{Ûη
z1

Û†ηz2
}

+
λ

2π2

∫
d2z3

z2
12

z2
13z2

23
[Tr{TnÛη

z1
Û†ηz3

TnÛη
z3

Û†ηz2
} − NcTr{Ûη

z1
Û†ηz2
}] ln

az2
12

z2
13z2

23
+ O(λ2)

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles in N = 4 SYM

Conformal composite dipole

[Tr{Ûη
z1

Û†ηz2
}
]conf

= Tr{Ûη
z1

Û†ηz2
}

+
λ

2π2

∫
d2z3

z2
12

z2
13z2

23
[Tr{TnÛη

z1
Û†ηz3

TnÛη
z3

Û†ηz2
} − NcTr{Ûη

z1
Û†ηz2
}] ln

az2
12

z2
13z2

23
+ O(λ2)

High-energy OPE:

T{Ô(x)Ô(y)} =

∫
d2z1d2z2 ILO(z1, z2)Tr{Ûη

z1
Û†ηz2
}conf

+

∫
d2z1d2z2d2z3 INLO(z1, z2, z3)[

1
Nc

Tr{TnÛη
z1

Û†ηz3
TnÛη

z3
Û†ηz2
} − Tr{Ûη

z1
Û†ηz2
}]

ILO and INLO are Möbius invariant.

We think that one can construct the composite conformal dipole operator order
by order in perturbation theory.

Analogy: when the UV cutoff does not respect the symmetry of a local
operator, the composite local renormalized operator in must be
corrected by finite counterterms order by order in perturbaton theory.
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NLO BK equation in N = 4 SYM

Define

Ûa
conf(z1, z2)

= Ûη(z1, z2) +
αsNc

4π2

∫
d2z

z2
12

z2
13z2

23
ln

ae2ηz2
12

z2
13z2

23

[
Tr{TaÛη

z1
Û†ηz3

TaÛz3Û†ηz2
} − NcTr{Ûη

z1
Û†ηz2
}
]

such that d
dη Û

a
conf(z1, z2) = 0.

⇒The evolution can be rewritten in terms of a

2a
d
da

[
Tr{Ûη

z1
Û†ηz2
}
]conf

=
αs

π2

∫
d2z3

z2
12

z2
13z2

23

[
1− αsNc

4π
π2

3

][
Tr{TaÛη

z1
Û†ηz3

TaÛz3Û†ηz2
} − NcTr{Ûη

z1
Û†ηz2
}
]conf

− α2
s

4π4

∫
d2z3d2z4

z2
12

z2
13z2

24z2
34

{
2 ln

z2
12z2

34

z2
14z2

23
+
[
1 +

z2
12z2

34

z2
13z2

24 − z2
14z2

23

]
ln

z2
13z2

24

z2
14z2

23

}
× Tr{[Ta,Tb]Ûη

z1
Ta′Tb′Û†ηz2

+ TbTaÛη
z1

[Tb′ ,Ta′ ]Û†ηz2
}[(Ûη

z3
)aa′(Ûη

z4
)bb′ − (z4 → z3)]
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NLO Amplitude in N=4 SYM theory

YA

YB

<Y<YB YA

x y

y’x’

+ +...

x’

x y x y

y’y’x’

(x− y)4(x′ − y′)4〈T{Ô(x)Ô†(y)Ô(x′)Ô†(y′)}〉

=

∫
d2z1⊥d2z2⊥d2z′1⊥d2z′2⊥IFa0(x, y; z1, z2)[DD]a0,b0(z1, z2; z′1, z

′
2)IFb0(x′, y′; z′1, z

′
2)

Result : (G.A. Chirilli and I.B.)

F(ν) =
N2

c

N2
c − 1

4π4α2
s

cosh2 πν

{
1 +

αsNc

π

[
− 2π2

cosh2 πν
+
π2

2
− 8

1 + 4ν2

]
+ O(α2

s )
}
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NLO high-energy OPE in QCD

η>Y

η<Y

+ +...

DIS structure function F2(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Photon impact factor in the LO

(x− y)4T{ ¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)} =

∫
d2z1d2z2

z4
12

ILO
µν (z1, z2)tr{Ûη

z1
Û†ηz2
}

ILO
µν (z1, z2) =

R2

π6(κ · ζ1)(κ · ζ2)

∂2

∂xµ∂yν
[
(κ · ζ1)(κ · ζ2)− 1

2
κ2(ζ1 · ζ2)

]
.

κ ≡ 1√
sx+

(
p1

s
− x2p2 + x⊥)− 1√

sy+
(
p1

s
− y2p2 + y⊥)

ζi ≡
(p1

s
+ z2

i⊥p2 + zi⊥
)
, R ≡ κ2(ζ1 · ζ2)

2(κ · ζ1)(κ · ζ2)
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Photon Impact Factor at NLO I. B. and G. A. C.

Composite “conformal” dipole [tr{Ûz1Û†z2}]a0 - same as in N = 4 case.

(x− y)4T{ ¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫
d2z1d2z2

z4
12

{
IµνLO(z1, z2)

[
1 +

αs

π

]
[tr{Ûz1Û†z2

}]a0

+

∫
d2z3

[ αs

4π2
z2

12

z2
13z2

23

(
ln
κ2(ζ1 · ζ3)(ζ1 · ζ3)

2(κ · ζ3)2(ζ1 · ζ2)
− 2C

)
IµνLO + Iµν2

]
× [tr{Ûz1Û†z3

}tr{Ûz3Û†z2
} − Nctr{Ûz1Û†z2

}]a0

}

(I2)µν(z1, z2, z3) =
αs

16π8
R2

(κ · ζ1)(κ · ζ2)

{
(κ · ζ2)

(κ · ζ3)

∂2

∂xµ∂yν

[
− (κ · ζ1)2

(ζ1 · ζ3)

+
(κ · ζ1)(κ · ζ2)

(ζ2 · ζ3)
+

(κ · ζ1)(κ · ζ3)(ζ1 · ζ2)

(ζ1 · ζ3)(ζ2 · ζ3)
− κ2(ζ1 · ζ2)

(ζ2 · ζ3)

]
+

(κ · ζ2)2

(κ · ζ3)2
∂2

∂xµ∂yν

[(κ · ζ1)(κ · ζ3)

(ζ2 · ζ3)
− κ2(ζ1 · ζ3)

2(ζ2 · ζ3)

]
+ (ζ1 ↔ ζ2)

}
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Photon Impact Factor at NLO I. B. and G. A. C.

With two-gluon (NLO BFKL) accuracy

1
Nc

(x− y)4T{ ¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)} =

∂κα

∂xµ
∂κβ

∂yν

∫
dz1dz2

z4
12
Ûa0(z1, z2)

[
ILO
αβ

(
1 +

αs

π

)
+ INLO

αβ

]

IαβLO (x, y; z1, z2) = R2 gαβ(ζ1 · ζ2)− ζα1 ζ
β
2 − ζα2 ζ

β
1

π6(κ · ζ1)(κ · ζ2)

IαβNLO(x, y; z1, z2) =
αsNc

4π7 R
2

{
ζα1 ζ

β
2 + ζ1 ↔ ζ2

(κ · ζ1)(κ · ζ2)

[
4Li2(1−R)− 2π2

3
+

2 lnR
1−R

+
lnR
R

− 4 lnR+
1

2R
− 2 + 2(ln

1
R

+
1
R
− 2)

(
ln

1
R

+ 2C
)
− 4C − 2C

R

]
+
( ζα1 ζ

β
1

(κ · ζ1)2 + ζ1 ↔ ζ2

)[ lnR
R
− 2C
R

+ 2
lnR

1−R
− 1

2R

]
− 2
κ2

(
gαβ − 2

κακβ

κ2

)
+
[ζα1 κβ + ζβ1 κ

α

(κ · ζ1)κ2 + ζ1 ↔ ζ2

][
− 2

lnR
1−R

− lnR
R

+ lnR− 3
2R

+
5
2

+ 2C +
2C
R

]
+

gαβ(ζ1 · ζ2)

(κ · ζ1)(κ · ζ2)

[2π2

3
− 4Li2(1−R)

−2
(

ln
1
R

+
1
R

+
1

2R2 − 3
)(

ln
1
R

+ 2C
)

+ 6 lnR− 2
R

+ 2 +
3

2R2

]}

5 tensor structures (CCP, 2009)
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Photon Impact Factor at NLO

Reminder

κµ =
1√
sx+

(
pµ1
s
− x2pµ2 + xµ⊥)− 1√

sy+
(
pµ1
s
− y2pµ2 + yµ⊥)

ζµ1 =
(pµ1

s
+ z2

1⊥pµ2 + zµ1⊥
)
, ζµ2 =

(pµ1
s

+ z2
2⊥pµ2 + zµ2⊥

)
DIS photon impact factor is a linear combination of the following tensor basis

Iµν1 = gµν Iµν2 =
κµκν

κ2

Iµν3 =
κµζν1 + κνζµ1

κ · ζ1
+
κµζν2 + κνζµ2

κ · ζ2

Iµν4 =
κ2ζµ1 ζ

ν
1

(κ · ζ1)2 +
κ2ζµ2 ζ

ν
2

(κ · ζ2)2 Iµν5 =
ζµ1 ζ

ν
2 + ζµ2 ζ

ν
1

ζ1 · ζ2

Cornalba, Costa, Penedones (2010)
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Mellin representation of the LO impact factor

∫
d2z1d2z2

z2
12

IµνLO(z1, z2)
( z2

12

z2
10z2

20

)γ
=

1
π4 B(1− γ)Γ(γ + 2)Γ(3− γ)

×
{ γ(1− γ)Dµν

1
12(1 + γ)(2− γ)

+
Dµν

2
2(1 + γ)(2− γ)

−
Dµν

3
8(1 + γ)(2− γ)

− γ(1− γ)D4

16(1 + 2γ)(3− 2γ)(1 + γ)(2− γ)
−

Dµν
1 + Dµν

2
8

}
µν

( κ2

(κ · ζ0)2

)γ
where

(D1 + D2)µν = −2∆2x+y+κ−2∂µx ∂
ν
y κ

2

Dµν
2 = −∆2x+y+∂µx (lnκ2)∂νy lnκ2

Dµν
3 = 4γ∆2x+y+

[
(∂µx lnκ2)∂y

ν ln(κ · ζ0) + (∂νy lnκ2)∂x
µ ln(κ · ζ0)− (∂µx lnκ2)∂νy lnκ2]

Dµν
4 = 4γ(1 + 2γ)∆2x+y+

[
− 1

3
∂µx ∂

ν
y lnκ2 − ∂µx (lnκ2)∂νy lnκ2

+(∂µx lnκ2)∂y
ν ln(κ · ζ0) + (∂νy lnκ2)∂x

µ ln(κ · ζ0)− 2∂x
µ ln(κ · ζ0)∂y

ν ln(κ · ζ0)
]

B(a, b) = Γ(a)Γ(b)
Γ(a+b) , C = −ψ(1) is the Euler constant, and ψ′(a) = d

da ln Γ(a)
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Mellin representation of the photon impact factor (I.B. and G. A. C.)

∫
d2z1d2z2

z4
12

[IµνLO (z1, z2) +µν
NLO (z1, z2)]

( z2
12

z2
10z2

20

)γ
=

Nc

4π6∆4

Γ(γ + 1)Γ(2− γ)

∆2x+y+

×

[
γ̄γD1

3

{
1 +

αsNc

4π

[π2

3
− π2

sin2 πγ
− Cχγ −

1
γγ̄

+
1
2
−−χγ

γγ̄

]}
+ 2D2

{
1 +

αsNc

4π

[π2

3
− π2

sin2 πγ
Cχγ −

3
4γγ̄

+
1
2
χγ +

χγ
2γγ̄

]}
− D3

2

{
1 +

αsNc

4π

[π2

3
− π2

sin2 πγ
− Cχγ +

1
2
− 1
γγ̄

+
χγ
4

+
χγ

2γγ̄

]}
+

γ̄γD4

4(3 + 4γ̄γ)

{
1 +

αsNc

4π

[π2

3
− π2

sin2 πγ
− Cχγ +

1
2
− 4
γγ̄

+
3

2γ2γ̄2 −
χγ

2γγ̄

]}
−D1 + D2

2
(2 + γ̄γ)

{
1 +

αsNc

4π

[π2

3
− π2

sin2 πγ
− Cχγ +

1
2

− 4γγ̄ + 3
2γγ̄(2 + γ̄γ)

+
1 + 2γγ̄

γγ̄(2 + γ̄γ)
χγ

]}]µν( κ2

(2κ · ζ0)2

)γ Γ2(γ̄)

Γ(2γ̄)
γ̄ ≡ 1− γ
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Mellin representation of the impact factor for polarized DIS

Contribution of spin 2 in t-channel:∫
d2z1d2z2

z4
12

(IµνLO(z1, z2) + IµνNLO(z1, z2))
( z12

z10z20

)γ+1( z̄12

z̄10z̄20

)γ+1
= B(2− γ)Γ(3− γ)Γ(2 + γ)

×
[
1 +

αsNc

4π

{
4ψ′(1 + γ) + 4ψ′(2− γ)− 8ψ′(3)− 6χ(2, γ)

(1 + γ)(2− γ)
+ 6 + 4Cχ(2, γ)

− 6C
(2− γ)(1 + γ)

− 6
(1 + γ)(2− γ)

}]( κ2

(κ · ζ0)2

)γ(
∂x
µ

X2Ȳ − Y2X̄
x+y+(κ · ζ0)

)(
∂y
ν

X2Ȳ − Y2X̄
x+y+(κ · ζ0)

)
χ(2, γ) = 2ψ(1)− ψ(2− γ)− ψ(1 + γ) X ≡ x− z0, Y ≡ y− z0
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NLO kernel

In general

d
dη

Tr{ÛxÛ†y} = αsKLOTr{ÛxÛ†y}+ α2
s KNLOTr{ÛxÛ†y}+ O(α3

s )

α2
s KNLOTr{ÛxÛ†y} =

d
dη

Tr{ÛxÛ†y} − αsKLOTr{ÛxÛ†y}+ O(α3
s )

We calculate the “matrix element” of the r.h.s. in the shock-wave background

〈α2
s KNLOTr{ÛxÛ†y}〉 =

d
dη
〈Tr{ÛxÛ†y}〉 − 〈αsKLOTr{ÛxÛ†y}〉+ O(α3

s )

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)
⇒

[
1
v

]
+

prescription in the integrals over Feynman parameter v

Typical integral∫ 1

0
dv

1
(k − p)2

⊥v + p2
⊥(1− v)

[1
v

]
+

=
1

p2
⊥

ln
(k − p)2

⊥
p2
⊥
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NLO kernel
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Gluon part of the NLO BK kernel: diagrams

(II) (III) (IV) (V)

(VI) (VII) (VIII) (IX) (X)

(I)

(XIV)(XI) (XIII)(XII) (XV)
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Diagrams for 1→3 dipoles transition

(XXVI) (XXVII)

(XVI) (XVII) (XVIII) (XIX) (XX)

(XXI) (XXIV) (XV)(XXII) (XXIII)

(XVIII) (XXIX) (XXX)
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Diagrams for 1→3 dipoles transition

(XXXI) (XXXIII) (XXXIV)(XXXII)
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"Running coupling" diagrams

(I) (II) (III) (IV) (V)

y

x

(VI) (VII) (VIII) (IX) (X)

I. Balitsky (JLAB & ODU) Photon impact factor and kT -factorization in the next-to-leading order
QCD Evolution Workshop 16 May 2012 35

/ 47



1→ 2 dipole transition diagrams

q

k’
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*
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NLO evolution of composite “conformal” dipoles in QCD

I. B. and G. Chirilli

a
d
da

[tr{Uz1U†z2
}]conf

a =
αs

2π2

∫
d2z3

(
[tr{Uz1U†z3

}tr{Uz3U†z2
} − Nctr{Uz1U†z2

}]conf
a

× z2
12

z2
13z2

23

[
1 +

αsNc

4π
(
b ln z2

12µ
2 + b

z2
13 − z2

23

z2
13z2

23
ln

z2
13

z2
23

+
67
9
− π2

3
)]

+
αs

4π2

∫
d2z4

z4
34

{[
− 2 +

z23
2z2

23 + z2
24z2

13 − 4z2
12z2

34

2(z232z2
23 − z2

24z2
13)

ln
z23

2z2
23

z2
24z2

13

]
× [tr{Uz1U†z3

}tr{Uz3U†z4
}{Uz4U†z2

} − tr{Uz1U†z3
Uz4U†z2

Uz3U†z4
} − (z4 → z3)]

+
z2

12z2
34

z2
13z2

24

[
2 ln

z2
12z2

34

z232z2
23

+
(

1 +
z2

12z2
34

z2
13z2

24 − z232z2
23

)
ln

z2
13z2

24

z232z2
23

]
× [tr{Uz1U†z3

}tr{Uz3U†z4
}tr{Uz4U†z2

} − tr{Uz1U†z4
Uz3U†z2

Uz4U†z3
} − (z4 → z3)]

}
b = 11

3 Nc − 2
3 nf

KNLO BK = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (N = 4) part

Linearized KNLO BK reproduces the known result for the forward NLO
BFKL kernel.
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kT -factorization in the NLO

With two-gluon (one-dipole) accuracy∫
d4x eiqx

∫
d4z δ(z−)〈pB|T {̂jµ(x + z)̂jν(z)}|pB〉 =

∫
d2k⊥Iµν(q, k⊥)〈〈pB|U(k⊥)|pB〉〉

〈pB|U(k)|pB + βpB〉 = 2πδ(β)〈〈pB|U(k)|pB〉〉

〈〈pB|U(k)|pB〉〉 =

∫
d2z e−i(k,z)⊥〈〈pB|U(z)|pB〉〉, U(z) ≡ 1− 1

Nc
Tr{UzU

†
0}

Iµν(q, k⊥) =
Nc

32

∫
dν
πν

sinhπν
(1 + ν2) cosh2 πν

(k2
⊥

Q2

) 1
2−iν

×
{[(9

4
+ ν2

)(
1 +

αs

π
+
αsNc

2π
F1(ν)

)
Pµν1 +

(11
4

+ 3ν2
)(

1 +
αs

π
+
αsNc

2π
F2(ν)

)
Pµν2

]

Pµν1 = gµν − qµqν
q2 Pµν2 =

1
q2

(
qµ −

pµ2 q2

q · p2

)(
qν − pν2 q2

q · p2

)

F1(2)(ν) = Φ1(2)(ν) + χγΨ(ν),

Ψ(ν) ≡ ψ(γ̄) + 2ψ(2− γ)− 2ψ(4− 2γ)− ψ(2 + γ), γ ≡ 1
2

+ iν
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kT -factorization in the NLO

With two-gluon (one-dipole) accuracy∫
d4x eiqx

∫
d4z δ(z−)〈pB|T {̂jµ(x + z)̂jν(z)}|pB〉 =

∫
d2k⊥Iµν(q, k⊥)〈〈pB|U(k⊥)|pB〉〉

〈pB|U(k)|pB + βpB〉 = 2πδ(β)〈〈pB|U(k)|pB〉〉

〈〈pB|U(k)|pB〉〉 =

∫
d2z e−i(k,z)⊥〈〈pB|U(z)|pB〉〉, U(z) ≡ 1− 1

Nc
Tr{UzU

†
0}

Iµν(q, k⊥) =
Nc

32

∫
dν
πν

sinhπν
(1 + ν2) cosh2 πν

(k2
⊥

Q2

) 1
2−iν

×
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4
+ ν2

)(
1 +

αs

π
+
αsNc

2π
F1(ν)

)
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(11
4

+ 3ν2
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αs
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F2(ν)

)
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kT -factorization in the NLO

Φ1(ν) = F(γ) +
3χγ

2 + γ̄γ
+ 1 +

25
18(2− γ)

+
1

2γ̄
− 1

2γ
− 7

18(1 + γ)
+

10
3(1 + γ)2

Φ2(ν) = F(γ) +
3χγ

2 + γ̄γ
+ 1 +

1
2γ̄γ
− 7

2(2 + 3γ̄γ)
+

χγ
1 + γ

+
χγ(1 + 3γ)

2 + 3γ̄γ

F(γ) =
2π2

3
− 2π2

sin2 πγ
− 2Cχγ +

χγ − 2
γ̄γ
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Evolution equation for color dipole in momentum representation

Va(z) ≡ z−2Ua(z)
Va(k) ≡

∫
dz e−i(k,z)⊥Va(z) (sometimes called “unintegrated gluon TMD”)

2a
d
da
Va(k) =

αsNc

2π2

∫
d2k′

(k − k′)2

{(
2V(k′)− k2

k′2
Va(k)

)
+
αsb
4π

[(
2V(k′)− k2

k′2
Va(k)

)(
ln
µ2

k2 +
(67

9
− π2

3
)
−

10nf

9Nc

)
− 2
(
Va(k′) ln

(k − k′)2

k′2
− Va(k)

k2

k′2
ln

(k − k′)2

k2

)
+ Va(k′)

4(k′, k − k′)
k′2

ln
(k − k′)2

k2

]}
+
α2

s N2
c

4π3

∫
d2k′

[
− 1

(k − k′)2 ln2 k2

k′2
+ F(k, k′) + Φ(k, k′)

]
Va(k′) + 3

α2
s N2

c

2π2 ζ(3)Va(k)

F(k, k′) =
(

1 +
nf

N3
c

)3(k, k′)2 − 2k2k′2

16k2k′2

( 2
k2 +

2
k′2

+
k2 − k′2

k2k′2
ln

k2

k′2

)
−
[
3 +

(
1 +

nf

N3
c

)(
1− (k2 + k′2)2

8k2k′2
+

3k4 + 3k′4 − 2k2k′2

16k4k′4
(k, k′)2

)]∫ ∞
0

dt
k2 + t2k′2

ln
1 + t
|1− t|

,

Φ(k, k′) =
(k2 − k′2)

(k − k′)2(k + k′)2

[
ln

k2

k′2
ln

k2k′2(k − k′)4

(k2 + k′2)4

+ 2Li2
(
− k′2

k2

)
− 2Li2

(
− k2

k′2

)]
−
(

1− (k2 − k′2)2

(k − k′)2(k + k′)2

)[∫ 1

0
−
∫ ∞

1

] du
(k − k′u)2 ln

u2k′2

k2

Agrees with NLO BFKL
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Argument of coupling constant

d
dη
Û(z1, z2) =

αs(?⊥)Nc

2π2

∫
dz3

z2
12

z2
13z2

23

{
Û(z1, z3) + Û(z3, z2)− Û(z1, z2)− Û(z1, z3)Û(z3, z2)

}

Renormalon-based approach: summation of quark bubbles

x

y

x x
*

x x
*

−2
3 nf → b = 11

3 Nc − 2
3 nf
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Argument of coupling constant

d
dη

Tr{Ûz1Û†z2
} =

αs(z2
12)

2π2

∫
d2z [Tr{Ûz1Û†z3

}Tr{Ûz3Û†z2
} − NcTr{Ûz1Û†z2

}]

×
[ z2

12

z2
13z2

23
+

1
z2

13

(αs(z2
13)

αs(z2
23)
− 1
)

+
1

z2
23

(αs(z2
23)

αs(z2
13)
− 1
)]

+ ...

I.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:
αs(z2

12)

2π2
z2

12
z2

13z2
23

|z12| � |z13|, |z23|
αs(z2

13)

2π2z2
13

|z13| � |z12|, |z23|
αs(z2

23)

2π2z2
23

|z23| � |z12|, |z13|

⇒ the argument of the coupling constant is given by the size of the
smallest dipole.
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Conclusions

High-energy operator expansion in color dipoles works at the NLO
level.

The NLO BK kernel in for the evolution of conformal composite
dipoles in N = 4 SYM is Möbius invariant in the transverse plane.
The NLO BK kernel agrees with NLO BFKL equation.
The correlation function of four Z2 operators is calculated at the
NLO order.
NLO photon impact factor is calculated.
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Outlook: relation to conformal light-ray operators

Gluon parton density D(xB, µ
2) is proportional to matrix element of the

light-ray operator

O(xB, µ
2) =

∫
dλ eiλxB Tr{G+i(λe+)[λe+, 0]G+i(0)[0, λe+]}µ

Conformal light-ray operator Oj (j - conformal spin in SL(2,R) group)

Oµj =

∫
dλ λ1−j Tr{G+i(λe+)[λe+, 0]G+i(0)[0, λe+]}µ

Anomalous dimension
µ

d
dµ
Oj = γj(αs)Oj

At j = n γn is an anomalous dimension of the local twist-2 operator

G+i(D+)n−2G+
i

Expansion of conformal dipoles in conformal light-ray operators - ?
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Outlook: relation to conformal light-ray operators

In the leading order relation this expansion is trivial: x2
⊥ is the normalization

point of gluon light-ray operator and xB = e−η:

Tr{∂iUx∂
iU0}η = Dµ

2=x−2
⊥

xB=e−η + O(x2
⊥) =

∫ 1
2 +i∞

1
2−i∞

dj
2πi

Γ(j− 1)

xj−1
B

(x2
⊥µ

2)−γjOµ
2

j

=

∫ − 1
2 +i∞

− 1
2−i∞

dω
2πi

Γ(ω)eωη(x2
⊥µ

2)−γωOµ
2

ω

This should be compared to LO rapidity evolution of color dipole
ωγ= 1

2 +iν = ω(ν) - pomeron intercept)

Tr{∂iUx∂
iU0}η = =

∫ 1
2 +i∞

1
2−i∞

dγ
2πi

eωγ(η−η0)(x2
⊥µ

2)−γ
∫

d2z (z2
⊥)1−γU(z⊥)η0

⇒
ω = ω(γ, αs) ⇔ γ = γ(ω, αs) '

∑ αn
s

ωn =
αs

ω
+
α3

s

ω3 + ...

BFKL gives the anomalous dimensions in all orders as ω → 0 which
corresponds to the the non-physical point j = n = 1 for γn of local operators
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Outlook: relation to conformal light-ray operators

In the NLO the expansion of conformal dipoles in conformal light-ray
operators is not straightforward due to mismatch of UV and rapidity
regularizations.

ω̃(αs, γ) = ω(αs, γ +
1
2
ω) ⇒ γ = γ(ω̃, αs)

ω(αs, γ) is the pomeron intercept which enters stands in the formula for the
amplitude in terms of conformal ratios.
ω̃(αs, γ) determines anomalous dimensions of conformal light-ray operators.

The difficulty is probably due to the fact that conformal dipoles are invariant
under SL(2,C) and light-ray operators under SL(2,R)

Gluon TMDs may serve as a bridge between these two approaches
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Outlook: rapidity evolution of gluon TMD’s. N = 4 for simplicity.

Gluon TMD (without subtractions) : D(xB, η, k⊥, µ2) ∼
∫

d2k⊥ eik⊥·z⊥

×
∫

dudv ei(u−v)xB
s
2 〈[−∞, u]zG+i(z⊥ + up1)[u,−∞]z[−∞, u]0G+i(vp1)[u,−∞]0〉η

Two evolutions: η and µ2 ⇒ double logs.

At xB = 0 we get (Ui ≡ U†i i∂iU)

D(xB, η, k⊥) = Vη(k) =

∫
d2k⊥ eik⊥·z⊥〈Tr{Ui(z⊥)Ui(0⊥)}〉η

=

∫
d2k⊥ eik⊥·z⊥

∫
dudv〈[−∞, u]zG+i(z⊥ + up1)[u,−∞]z[−∞, u]0G+i(vp1)[u,−∞]〉η

No µ dependence (dipole amplitudes are UV finite)⇒ rapidity evolution only.

Evolution of gluon TMD probably depends on the interplay between xB and η
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